Faltings' Local-global Principle and Annihilator Theorem for the
  finiteness dimensions by Doustimehr, Mohammad Reza
ar
X
iv
:1
71
2.
09
06
7v
2 
 [m
ath
.A
C]
  3
1 D
ec
 20
17
FALTINGS’ LOCAL-GLOBAL PRINCIPLE AND ANNIHILATOR
THEOREM FOR THE FINITENESS DIMENSIONS
MOHAMMAD REZA DOUSTIMEHR
Abstract. Let R be a commutative Noetherian ring, M be a finitely generated
R-module and n be a non-negative integer. In this article, it is shown that for a
positive integer t, there is a finitely generated submodule Ni of H
i
a(M) such that
dimSuppHia(M)/Ni < n for all i < t if and only if there is a finitely generated submodule
Ni,p of H
i
aRp
(Mp) such that dimSuppH
i
aRp
(Mp)/Ni,p < n for all i < t. This generalizes
Faltings’ Local-global Principle for the finiteness of local cohomology modules (Faltings’
in Math. Ann. 255:45-56, 1981). Also, it is shown that whenever R is a homomorphic
image of a Gorenstein local ring, then the invariants inf{i ∈ N0 | dimSupp(b
tHia(M)) >
n for all t ∈ N0} and inf{depthMp+ht(a+p)/p | p ∈ Spec(R)\V(b), dimR/(a+p) > n}
are equal, for every finitely generated R-module M and for all ideals a, b of R with b ⊆ a.
As a consequence, we determine the least integer i where the local cohomology module
Hia(M) is not minimax (resp. weakly laskerian).
1. Introduction
Throughout this paper, let R denote a commutative Noetherian ring (with identity)
and a an ideal of R. For an R-module M , the ith local cohomology module of M with
support in V (a) is defined as:
H ia(M) = lim−→
n≥1
ExtiR(R/a
n,M).
Local cohomology was first defined and studied by Grothendieck. We refer the reader to
[6] or [11] for more details about local cohomology. An important theorem in local coho-
mology is Faltings’ Local-global Principle for the finiteness of local cohomology modules
[9, Satz 1], which states that for a positive integer t, the Rp-module H
i
aRp(Mp) is finitely
generated for all i < t and for all p ∈ Spec(R) if and only if the R-module H ia(M) is
finitely generated for all i < t.
In [2], Asadollahi and Naghipour introduced the class of in dimension < n modules. An
R-module M is said to be in dimension < n, if there is a finitely generated submodule N
of M such that dimSuppM/N < n.
In section 2, we extend Faltings’ Local-global Principle for the class of in dimension
< n modules. More precisely, as a first main result of this paper, we prove the following.
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rem; in dimension < n modules; minimax modules.
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Theorem 1.1. Let a be an ideal of R, M be a finitely generated R-module, n be a non-
negative integer and t ∈ N. Then the following statements are equivalent:
(1) H ia(M) is in dimension < n for all i < t;
(2) H iaRp(Mp) is in dimension < n for all i < t and all p ∈ Spec(R);
(3) H iaRm(Mm) is in dimension < n for all i < t and all m ∈ Spec(R).
As a generalization of the above theorem, we prove the following.
Theorem 1.2. Let R be a homomorphic image of a Gorenstein ring, a and b be ideals of
R such that b ⊆ a, n be a non-negative integer, and t ∈ N. Then the following statements
are equivalent:
(1) There exists s ∈ N such that bsH ia(M) is in dimension < n for all i < t;
(2) There exists sp ∈ N such that (bRp)
spH iaRp(Mp) is in dimension < n for all i < t
and all p ∈ Spec(R).
Another important theorem in local cohomology is Faltings’ Annihilator Theorem [10]
for local cohomology modules, which states that, if R is a homomorphic image of a
regular ring or R has a dualizing complex, then the invariants f ba (M) and λ
b
a(M) are
equal, for every choice of the finitely generated R-module M and for every choice of the
ideals a, b of R with b ⊆ a, where f ba (M) = inf{i ∈ N0 | b 6⊆ Rad(0 : H
i
a(M))} (resp.
λba(M) = inf{depthMp + ht(a+ p)/p | p ∈ Spec(R) \V(b)}) is the b-finiteness dimension
of M relative to a (resp. the b-minimum a-adjusted depth of M), see [6, Definitions 9.1.5
and 9.2.2].
Recently, Khashyarmanesh and Salarian in [12], established a generalization of the
Faltings’ Annihilator Theorem over Gorenstein rings.
In [8], the author and Naghipour defined the nth b-finiteness dimension f ba (M)n of M
relative to a by
f ba (M)n := inf{i ∈ N0 | dimSupp b
tH ia(M) ≥ n for all t ∈ N0},
and proved that if R is a homomorphic image of a Gorenstein ring, then the invariants
f ba (M)n and λ
b
a(M)n := inf{λ
bRp
aRp
(Mp) | p ∈ Spec(R), dimR/p > n} are equal, for every
choice of the finitely generated R-module M and for every choice of the ideals a, b of R
with b ⊆ a.
In section 3, we establish a generalization of Faltings’ Annihilator Theorem for the
finiteness dimensions. More precisely, as a second main result, we prove the following.
Theorem 1.3. Assume that R is a homomorphic image of a Gorenstein local ring. Let a
and b be ideals of R such that b ⊆ a, and let M be a finitely generated R-module. Then,
for each n ∈ N0,
f ba (M)n = inf{depthMp + ht(a+ p)/p | p ∈ Spec(R) \V(b), dimR/(a+ p) > n}.
Our proof is rather similar to the proof of [6, Theorem 9.3.5]. As a consequence of this,
we prove that
µa(M) = inf{depthMp + ht(a+ p)/p | p ∈ Spec(R) \ V(b), dimR/(a+ p) > 1},
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and
ωa(M) = inf{depthMp + ht(a+ p)/p | p ∈ Spec(R) \ V(b), dimR/(a+ p) > 2},
where µa(M) (resp. ωa(M)) is the least integer i such that the local cohomology module
H ia(M) is not minimax (resp. weakly laskerian).
Throughout this paper, R will always be a commutative Noetherian ring with non-zero
identity and a will be an ideal of R. An R-module L is said to be minimax, if there
exists a finitely generated submodule N of L, such that L/N is Artinian. The class of
minimax modules was introduced by H. Zo¨schinger [16] and he has given in [16, 17] many
equivalent conditions for a module to be minimax. A module is called weakly Laskerian,
if each of its homomorphic images has only finitely many associated primes. The class
of weakly laskerian modules was introduced by Divaani-Aazar and Mafi [7]. We shall use
MaxR to denote the set of all maximal ideals of R. Also, for any ideal a of R, we denote
{p ∈ Spec(R) : p ⊇ a} by V (a). For any unexplained notation and terminology we refer
the reader to [6] and [13].
2. Local-global Principle
In this section, we extend Faltings’ Local-global Principle for the class of in dimension
< n modules. The main results of this section are Theorem 2.2 and Theorem 2.8. We
begin with the following lemma which is a generalization of [1, Lemma 3.1] and we need
it in this paper.
Lemma 2.1. Let a be an ideal of R, M be an R-module and S be a Serre subcategory of
R-modules and R-homomorphisms. Then aM ∈ S if and only if M/(0 :M a) ∈ S.
Proof. The proof is exactly similar to [1, Lemma 3.1]. 
For a non-negative integer n and a subset T of Spec(R), we denote {p ∈ T | dimR/p >
n} by T>n.
We now state and prove one of the main results of this paper.
Theorem 2.2. Let a be an ideal of R, M be a finitely generated R-module, n be a non-
negative integer and t ∈ N. Then the following statements are equivalent:
(1) H ia(M) is in dimension < n for all i < t;
(2) H iaRp(Mp) is in dimension < n for all i < t and all p ∈ Spec(R);
(3) H iaRm(Mm) is in dimension < n for all i < t and all m ∈ Spec(R).
Proof. 1⇒ 2⇒ 3) follow from definition.
3 ⇒ 1) Let s := inf{i|H ia(M) is not in dimension < n}. We suppose that s < t
and look for a contradiction. Since H0a (M), H
1
a (M), ..., H
s−1
a (M) are in dimension < n,
it follows from [3, Theorem 2.2] that HomR(R/a
u, Hsa(M)) is in dimension < n for all
u ∈ N. Hence, by [14, Lemma 2.6],
AssHsa (M)>n = AssHomR(R/a, H
s
a(M))>n
is a finite set: Let its members be p1, p2, ..., pr. For each 1 6 j 6 r, there is a maximal
ideal mj of R such that dimSuppR/pj = dimSuppRmj/pjRmj > n. By (3), there is a
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finitely generated submodule Nj of H
s
a(M) such that dimSuppH
s
aRmj
(Mmj )/(Nj)mj < n.
Thus
HsaRpj (Mpj )/(Nj)pj ≃ (H
s
aRmj
(Mmj )/(Nj)mj )pjRmj = 0.
So HsaRpj
(Mpj ) is a finitely generated Rpj -module for all 1 6 j 6 r. Hence, there is
uj ∈ N such that (a
ujHsa(M))pj ≃ (aRpj )
ujHsaRpj (Mpj ) = 0 for all 1 6 j 6 r. Let u :=
max{u1, u2, ..., ur}. Then (a
uHsa (M))pj = 0 for all 1 6 j 6 r. Since Ass(a
uHsa(M))>n ⊆
{p1, p2, ..., pr}, dim Supp a
uHsa (M) < n. Hence, by Lemma 2.1,
dimSupp(Hsa(M)/(0 :Hsa (M) a
u)) < n.
Now, it follows from the exact sequence
0→ (0 :Hsa(M) a
u)→ Hsa (M)→ H
s
a (M)/(0 :Hsa (M) a
u)→ 0
that Hsa (M) is in dimension < n, which is a contradiction. 
Let n be a nonnegative integer. Bahmanpour et al. in [4], defined the notion of the
nth finiteness dimension fna (M) of M relative to a by f
n
a (M) = inf{faRp(Mp) | p ∈
SuppM/aM, dimR/p > n}. In the following corollary, we restate the above theorem in
terms of the finiteness dimensions.
Corollary 2.3. Let M be a finitely generated R-module and n ∈ N0. Then
fna (M) = inf{f
n
aRp(Mp)|p ∈ Spec(R)}
= inf{fnaRm(Mm)|m ∈ Spec(R)}.
Proof. By [14, Theorem 2.10], fna (M) = inf{i|H
i
a(M) is not in dimension < n}. Now,
the result follows from Theorem 2.2. 
The special case of Theorem 2.2 in which n = 0 is Faltings’ Local-global Principle for
the finiteness of local cohomology modules.
Theorem 2.4. (Faltings’ Local-global Principle [9, Satz 1]) Let M be a finitely generated
R-module, a be an ideal of R and t ∈ N. Then the following statements are equivalent:
(1) H ia(M) is finitely generated for all i < t;
(2) H iaRp(Mp) is finitely generated for all i < t and all p ∈ Spec(R);
(3) H iaRm(Mm) is finitely generated for all i < t and all m ∈ Max(R).
Proof. The result follows from [14, Remark 2.2(1)] and Theorem 2.2. 
Also, as a special case of Theorem 2.2 in which n = 1, we conclude Faltings’ Local-global
Principle for the minimaxness of local cohomology modules.
Theorem 2.5. (Faltings’ Local-global Principle for the minimaxness) Let M be a finitely
generated R-module, a be an ideal of R and t ∈ N. Then the following statements are
equivalent:
(1) H ia(M) is minimax for all i < t;
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(2) H iaRp(Mp) is minimax for all i < t and all p ∈ Spec(R);
(3) H iaRm(Mm) is minimax for all i < t and all m ∈ Max(R).
Proof. It follows from [4, Corollary 2.4] and [14, Theorem 2.10] that
inf{i|H ia(M) is not in dimension < 1} = inf{i|H
i
a(M) is not minimax}.
So H ia(M) is in dimension < 1 for all i < t if and only if H
i
a(M) is minimax for all i < t.
The result now follows from Theorem 2.2 for n = 1. 
Z. Tang in [15] proved that H ia(M) is Artinian for all i < t if and only if H
i
aRp(Mp) is
Artinian for all i < t and all p ∈ Spec(R). But this version of Local-global Principle is
not concluded from Theorem 2.2, for some non-negative integer n. So, it is rather natural
to ask the following question.
Question 2.6. How can we generalize Theorem 2.2 such that we can conclude all versions
of Local-global Principle as a special case of it?
Now, we prepare the ground with the following proposition to state and prove the next
main result of this section. We obtained Proposition 2.7 and Theorem 2.8 a few years
ago and presented them, as a part of a talk, at the 10th seminar on Commutative algebra
and Related Topics of School of Mathematics of the Institute for Research in Fundamental
Sciences (IPM)(Tehran, December 18-19, 2013).
Proposition 2.7. Let M be a finitely generated R-module and t ∈ N. Then the following
statements are equivalent:
(1) There exists s ∈ N0 such that a
sH ia(M) is in dimension < n for all i < t;
(2) H ia(M) is in dimension < n.
Proof. We use induction on t. When t = 1 , there is nothing to prove. So suppose that
t > 1 and the result has been proved for smaller values of t. By the inductive hypothesis
H0a (M), H
1
a (M), ..., H
t−2
a (M) are in dimension < n. We must show that H
t−1
a (M) is in
dimension < n. Since asH t−1a (M) is in dimension < n, it follows from Lemma 2.1 that
H t−1a (M)/(0 :Ht−1a (M) a
s) is in dimension < n. As H0a (M), H
1
a (M), ..., H
t−2
a (M) are in
dimension < n, so (0 :Ht−1a (M) a
s) is in dimension < n. Thus, it follows from the exact
sequence
0→ (0 :Ht−1a (M) a
s)→ H t−1a (M)→ H
t−1
a (M)/(0 :Ht−1a (M) a
s)→ 0
that the R-module H t−1a (M) is in dimension < n. This completes the inductive step. 
By Theorem 2.2 and Proposition 2.7, it is easy to see that there exists s ∈ N such that
asH0a (M), a
sH1a (M), ..., a
sH t−1a (M) are in dimension < n if and only if there exists sp ∈ N
such that (aRp)
spH0aRp(Mp), (aRp)
spH1aRp(Mp), ..., (aRp)
spH t−1aRp(Mp) are in dimension < n
for all p ∈ Spec(R). Now let b be a second ideal of R. It is rather natural to ask whether
the following statements are equivalent:
(1) There exists s ∈ N such that bsH ia(M) is in dimension < n for all i < t;
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(2) There exists sp ∈ N such that (bRp)
spH iaRp(Mp) is in dimension < n for all i < t
and all p ∈ Spec(R).
In the following theorem we give an affirmative answer to this question when R is a
homomorphic image of a Gorenstein ring and b ⊆ a.
Theorem 2.8. Assume that R is a homomorphic image of a Gorenstein ring. Let a and b
be ideals of R such that b ⊆ a, n be a non-negative integer, and t ∈ N. Then the following
statements are equivalent:
(1) There exists s ∈ N0 such that b
sH ia(M) is in dimension < n for all i < t;
(2) There exists sp ∈ N0 such that (bRp)
spH iaRp(Mp) is in dimension < n for all i < t
and all p ∈ Spec(R);
(3) f
bRp
aRp
(Mp) > t for each p ∈ Spec(R) with dimR/p > n.
Proof. 1 ⇒ 2) For each i < t, let Ni be a finitely generated submodule of b
sH ia(M) such
that dim SuppbsH ia(M)/Ni < n. Let p ∈ Spec(R). As
dimSupp(bRp)
sH iaRp(Mp)/(Ni)p 6 dimSuppb
sH ia(M)/Ni < n,
it follows that (bRp)
sH iaRp(Mp) is in dimension < n.
2 ⇒ 3) Let p ∈ Spec(R) with dimR/p > n. There is a maximal ideal m of R
such that p ⊆ m and dimRm/pRm > n. By (2), there exists s ∈ N0 and a finitely
generated submodule Ni of b
sH ia(M) such that dimSupp(bRm)
sH iaRm(Mm)/(Ni)m =
dimSupp(bsH ia(M)/Ni)m < n, for all i < t. So, (b
sH ia(M))p ≃ ((b
sH ia(M))m)pRm is
finitely generated as Rp-module. Since (b
sH ia(M))p is aRp-torsion, there exists s
′ ∈ N
such that (bs+s
′
H ia(M))p ⊆ (b
sas
′
H ia(M))p = 0. Therefore, f
bRp
aRp
(Mp) > t.
3⇒ 1) Now, let R be a homomorphic image of a Gorenstein ring. Then, by [8, Theorem
2.14] and (3),
f ba (M)n = inf{λ
bRp
aRp
(Mp) | p ∈ Spec(R), dimR/p > n}
= inf{f
bRp
aRp
(Mp) | p ∈ Spec(R), dimR/p > n}
> t.
So, there exists s ∈ N0 such that for each i < t, dim Suppb
sH ia(M) < n. Hence, b
sH ia(M)
is in dimension < n for all i < t. 
Theorem 2.8 generalizes some of the results of [5].
3. Faltings’ annihilator theorem for Finitness dimensions
In this section, we prove a generalization of Faltings’ Annihilator Theorem [10] over
a ring that is homomorphic image of a Gorenstain local ring. We first prove in the
following proposition that if R is a Gorenstein local ring, then f ba (M)n = γ
b
a(M)n, where
γba(M)n := inf{depthMp + ht(a+ p)/p | p ∈ SpecR \ V(b), dimR/(a+ p) > n}.
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Proposition 3.1. Assume that R is a Gorenstein local ring. Let a and b be ideals of R
such that b ⊆ a, and let M be a finitely generated R-module. Then, for every non-negative
integer n,
f ba (M)n = γ
b
a(M)n.
Proof. If n = 0, it follows from [6, Theorem 9.5.1] that
f ba (M)0 = f
b
a (M)
= inf{depthMp + ht(a+ p)/p|p ∈ Spec(R)\V(b)}
= inf{depthMp + ht(a+ p)/p|p ∈ Spec(R)\V(b) , dimR/(a+ p) > 0}
= γba(M)0.
Suppose that n > 0. We first prove that f ba (M)n 6 γ
b
a(M)n. Set γ := γ
b
a(M)n. If γ =∞,
then there is nothing to prove; we therefore suppose that γ is finite. Thus there exists
p ∈ Spec(R) \ V(b) such that dimR/(a + p) > n and depthMp + ht(a+ p)/p = γ. Also,
choose a ∈ b \ p. Let q, q′ be minimal primes of a+ p such that dimR/q = dimR/(a+ p)
and ht q′/p = ht(a+ p)/p. Then p belongs to the set
Σ := {δ′ ∈ Spec(R) : p ⊆ δ′ ⊆ q and a 6∈ δ′}.
Let δ be a maximal member of Σ. Now a ∈ b ⊆ a ⊆ q, and so δ  q. By [6, Lemma
9.3.4], ht q/δ = 1. Note that the fact that a 6∈ δ ensures that δ ∈ Spec(R) \ V(b). Since
dimR/q′ 6 dimR/q = dimR/(a+ δ), we can deduce from the definition of γ, [6, Lemma
9.3.2] and [13, Theorem 31.4] that
γ 6 depthMδ + ht(a+ δ)/δ
6 depthMδ + dimR/δ − dimR/(a+ δ)
6 depthMp + ht δ/p+ dimR/δ − dimR/(a+ δ)
= depthMp + dimR/p− dimR/(a+ δ)
6 depthMp + dimR/p− dimR/q
′
= depthMp + ht q
′/p
= depthMp + ht(a+ p)/p
= γ.
Therefore, depthMδ+ht(a+δ)/δ = γ. It is immediate from q ∈ Min(a+δ) and ht q/δ = 1
that ht q/δ = ht(a + δ)/δ = 1. Thus, we can replace p by δ and so make the additional
assumption that ht q/p = ht(a+ p)/p = 1. Now it is easy to see that
1 = ht(a+ p)/p 6 ht(aRq + pRq)/pRq 6 ht qRq/pRq = 1.
Hence,
depth(Mq)pRq + ht(aRq + pRq)/pRq = depthMp + ht(a+ p)/p = γ.
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So, λ
bRq
aRq
(Mq) 6 γ. As dimR/q > n, it therefore follows from [8, Theorem 2.10] and the
definition of λba(M)n that
f ba (M)n = λ
b
a(M)n 6 λ
bRq
aRq
(Mq) 6 γ.
Now, we prove the converse inequality. By [8, Theorem 2.10], f ba (M)n = λ
b
a(M)n. So
it is enough to show that λba(M)n > γ
b
a(M)n. If λ
b
a(M)n = ∞, there is nothing to prove.
We therefore suppose that λba(M)n = t < ∞. Hence, there exists q ∈ Spec(R) such that
dimR/q > n and λ
bRq
aRq
(Mq) = t. Thus there exists p  q such that
depthMp + ht(a+ p)/p 6 depth(Mq)pRq + ht(pRq + aRq)/pRq = t.
Since dimR/(a+ p) > n, γba(M)n 6 t, as required. 
The next lemma generalizes [6, Lemma 9.2.6].
Lemma 3.2. Let a and b be ideals of R such that b ⊆ a. Let M be a finitely generated
R-module, and let c be an ideal of R such that c ⊆ (0 :M). Then
γba(M)n = γ
(b+c)/c
(a+c)/c(M)n.
Proof. The proof is similar to the proof of [6, lemma 9.2.6]. 
We are now ready to state and prove the second main result of this paper which is a
generalization of the Faltings’ Theorem for the annihilation of local cohomology modules
over a ring R that is a homomorphic image of a Gorenstein local ring.
Theorem 3.3. Assume that R is a homomorphic image of a Gorenstein local ring. Let a
and b be ideals of R such that b ⊆ a, and let M be a finitely generated R-module. Then,
for each n ∈ N0,
f ba (M)n = γ
b
a(M)n.
Proof. By assumption, there is a Gorenstein local ring R′ and a surjective homomorphism
of Noetherian rings f : R′ −→ R. Let a′ and b′ be ideals of R′ such that a = a′R and
b = b′R. Then by [8, Lemma 2.12], Lemma 3.2, and Proposition 3.1,
f ba (M)n = f
b′R
a′R (M)n = f
b′
a′ (M)n = γ
b′
a′ (M)n = γ
b
a(M)n,
as required. 
For determining the least integer i where the local cohomology module H ia(M) is not
minimax (resp. weakly laskerian), we need the following proposition.
Proposition 3.4. Let a be an ideal of R, M be a finitely generated R-module and n be a
non-negative integer. Then
f aa (M)n = f
n
a (M).
Proof. For each i < f aa (M)n, there exists t ∈ N such that dimSupp a
tH ia(M) < n. So, for
all p ∈ Spec(R) with dimR/p > n, (atH ia(M))p = 0. Thus, by [6, Proposition 9.1.2],
f aa (M)n 6 inf{faRp(Mp) | p ∈ Spec(R), dimR/p > n} = f
n
a (M).
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Now, we prove the converse inequality. Let i < fna (M). By [14, Theorem 2.10], H
i
a(M)
is in dimension < n. Hence, there exists a finitely generated submodule Ni of H
i
a(M)
such that dim SuppH ia(M)/Ni < n. Since Ni is finitely generated, there is t ∈ N such
that atNi = 0, and so Ni ⊆ (0 :Hia(M) a
t). It therefore follows from the exact sequence
H ia(M)/Ni −→ H
i
a(M)/(0 :Hia(M) a
t) −→ 0
that dim SuppH ia(M)/(0 :Hia(M) a
t) < n. Hence, for all prime ideal p with dimR/p > n,
(atH ia(M))p = (a
t(0 :Hia(M) a
t))p = 0.
Thus dimSupp atH ia(M) < n. Therefore, f
n
a (M) 6 f
a
a (M)n. 
Corollary 3.5. Assume that R is a homomorphic image of a Gorenstein local ring. Let
a be an ideal of R, and let M be a finitely generated R-module. Then,
µa(M) = inf{depthMp + ht(a+ p)/p | p ∈ Spec(R) \ V(a), dimR/(a+ p) > 1},
where µa(M) = inf{i | H
i
a(M) is not minimax }.
Proof. Since f aa (M)1 = f
1
a (M), the result follows from Theorem 3.3 and [4, Corollary
2.4]. 
Corollary 3.6. Assume that a semi-local ring R is a homomorphic image of a Gorenstein
local ring. Let a be an ideal of R, and let M be a finitely generated R-module. Then,
ωa(M) = inf{depthMp + ht(a+ p)/p | p ∈ Spec(R) \ V(a), dimR/(a+ p) > 2},
where ωa(M) = inf{i | H
i
a(M) is not weakly laskerian }.
Proof. Since f aa (M)2 = f
2
a (M), the result follows from Theorem 3.3 and [4, Proposition
3.7]. 
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